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The Kadomtsev-Petviashvili (KP) hierarchy of integrable soliton nonlinear evolution
equations [1] is among the most important physically relevant integrable systems. One
of the main reasons for the interest towards the KP hierarchy in the last few years origi-
nates from its deep connection with the statistical-mechanical models of random matrices
((multi-)matrix models) providing non-perturbative discretized formulation of string theory
[2]. Most of the studies in the latter area follow the ideas of the original papers [3], where
the integrability structures arise only after taking the continuum double-scaling limit. There
exists, however, an alternative eÆcient approach [4] for extracting continuum dierential in-
tegrable hierarchies from multi-matrix string models even before taking the continuum limit.
More precisely, it is various reductions of the full KP hierarchy (constrained KP Hierarchies)
which play the major ro^le in the latter context.
On the other hand, constrained KP hierarchies arise also naturally in purely solitonic
context as shown below in subsection (6.2) (see also [5] and references therein).
It is the aim of the present note to study various properties and provide exact solutions
for a specic class of constrained KP hierarchies { the graded SL(p; q) KP-KdV hierarchies,
which are intimately related with the two-matrix string model (which is the most physically
relevant one). The following main results are contained in the sequel:
(1) We establish the equivalence between conventional \symmetry"-constrained KP hierar-
chies [5] and multi-boson reductions of the full KP hierarchy [6, 7], also known as graded
SL(p; q)-type KP-KdV hierarchies [8, 9], which appear in two-matrix models of string theory
[4]. In particular, we provide the explicit Miura map relating the above hierarchies.
(2) Explicit exact solutions are found for SL(p; q) KP-KdV integrable systems, including
eigenfunctions and  -functions, via special Darboux-Backlund(DB) transformations.
(3) We establish equivalence between the set of successive DB transformations on the SL(p; 1)
KP-KdV system and the equations of motion of a constrained generalized Toda lattice model,
which embodies the integrability structure of two-matrix string models.
(4) As a byproduct of (3) we obtain exact solution for this constrained Toda lattice system
under specic initial conditions, relevant in the context of the two-matrix string model, and
derive the exact expression for the partition function of the latter.
(5) The present DB formalism provides a simple systematic way to obtain the n-soliton
solutions for the full (unconstrained) KP system.
2. Background on Generalized KP-KdV Hierarchies and Darboux-
Backlund Transformations
2.1 Constrained KP Hierarchies
We shall consider the general class of constrained KP Lax operators with higher purely-
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One can also dene an alternative consistent Poisson reduction of the standard KP hierarchy





























































; j = 1; : : : ; N   1 (4)
which we will call multi-boson reduction of the full KP Lax operator. The above multi-boson
reductions of the full KP Lax operators (3) are dening the generalized graded SL(r+N;N)
KP-KdV hierarchies pertinent to the string two-matrix models (cf. refs.[11, 9]).
In [10] these two formulations of the constrained KP hierarchy have been related via
successive DB similarity transformations. Below in section 3 we will establish their complete
equivalence showing how the pseudo-dierential Lax operators (1) and (3) can be rewritten
into each other via a generalized Miura transformation. Due to this result we can limit
ourselves to study DB transformations within the framework of the constrained KP hierarchy
dened by N -generalized two-boson KP Lax operators as in (1)
2.2 On the DB transformations of the N-generalized two-boson KP Lax operators
The general form of a DB transformation on the N -generalized two-boson KP Lax oper-


















































































































































































In order to avoid confusion, D will denote dierential operator in the sense of pseudo-dierential calculus,




Let us particularly stress that the above eigenfunctions are not Baker-Akhiezer eigenfunctions
of L from (1), unlike the construction in ref.[12].
We are interested in the special case when  coincides with one of the original eigen-






= 0 and the DB transformation (5) preserves
the N -generalized two-boson form (1) of the Lax operators involved, i.e., it becomes auto-

















































































































; i = 2; : : : ; N (14)










































; i = 2; : : : ; N (16)









ln  , we easily obtain from (6) (with  = 
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Firstly we list three basic properties of Wronskian determinants.
1) The derivativeD
0
of a determinantD of order n, whose entries are dierentiable functions,












is obtained from D by dierentiating the entries in the i-th row.
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The proof of (21) follows by simple iteration of (19) (see also the standard references on this
subject [15, 16, 14]). For future use let us rewrite (21) as:
(D + v
k
) (D + v
k 1


















2.4 DB Solutions of Two-Bose KP System and Connection with Ordinary Toda
Lattice
The two-boson KP system dened by the Lax operator L = D+D
 1
	  D+ a (D   b)
 1
is the most basic constrained KP structure. We start with the initial \free" Lax operator
L
(0)







































The construction below is a special application of property 3) and eq. (21).
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k = 0; : : : (28)






















































= 0 for n  0. We recognize at the right hand side of (31) a structure of the
Cartan matrix for A
n
. Leznov considered such an equation with Wronskian solution (in two
dimensions) in [17].
Hence, the solutions of the (ordinary one-dimensional) Toda lattice equations, with
boundary conditions  
n
= 0 for n  0, reproduce the DB solutions of ordinary two-boson




) = exp ( 
1
).
3. Equivalence between N-Generalized Two-Boson and 2N-Boson
KP Hierarchies
First, let us consider the simplest nontrivial case N = 2 in (1). Applying the simple identity:
D
 1














































































































































Using successively the same type of identity as (32), together with (21), e.g., for arbitrary
functions ; ; ; ! :
D
 1




















































we can prove by induction in N that the N -generalized two-boson KP Lax operator can be











































































































Let us now illustrate the equivalence between (37) and (38) in the inverse direction. To




















1  k  i  N (41)


















































i = 2; : : : ; N (43)











































































1  i  N   1 (45)
4. Exact Solutions of SL(p;q) KP-KdV via DB Transformations
Armed with the Wronskian identities from section 2.3, we can now represent the k-step
DB transformation (15)|(17) in terms of Wronskian determinants involving the coeÆcient






































k = 1; 2; : : : (47)
we arrive at the following general result:
Proposition. The k-step DB-transformed eigenfunctions and the tau-function (15)|(17)
of the SL(r +N;N) KP-KdV system (37) for arbitrary initial L
(0)
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(k 1)
]
























, respectively, and 
(i)
is given by (47).
As an example let us consider the SL(3; 1) KP-KdV Lax operator, i.e., r = 2; N = 1 in
(1) (the latter is pertinent to the simplest nontrivial string two-matrix model [11]) :
L = D
2



























































































































= 0 ; 	
(0)
























in the complex -plane is chosen such that the generalized Laplace transform of c() is
well-dened).
































































Substituting (58),(59) into (54){(56) we obtain the following explicit solutions for the

































































































































which denes the integrable hierarchy corresponding to the general string two-matrix model















































































is again given explicitly by (57).
5. Relation to Constrained Generalized Toda Lattices
Here we shall establish the equivalence between the set of successive DB transformations of








































and the equations of motion of a constrained generalized Toda lattice system, underlying
the two-matrix string model, which contains, in particular, the two-dimensional Toda lattice
equations.
For simplicity we shall illustrate the above property on the simplest nontrivial case of
SL(3; 1) KP-KdV hierarchy (51). We note that eqs.(54){(56) (or (60){(62)) can be cast in






















































where  is so far an arbitrary function. Now, we can view (68){(70) as a system of lattice






associated with each lattice site n and







= 0 ; n  0 (72)
Taking (71) as initial data, one can solve the lattice system (68){(70) step by step (for
n = 1; 2; : : :) and the solution has precisely the form of (60){(62).
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 x evolution equations of the






















































































































= 0 for n m  2 ; m  n  p
1
(77)
The subscripts  =+ in (73),(74) denote lower/upper triangular parts, whereas (+)=( ) de-
note upper/lower triangular plus diagonal parts. In the case under consideration the number
p
2
= 3 in (76), whereas the number p
1
in (77) is arbitrary nite or 1
4
.
Note the presence of the non-evolution constraint eq.(75), which is called \string equa-
tion". The lattice equations for the matrix elements a
k
(n) of Q (the rst eqs.(73) and (74))

























Furthermore, it is more convenient to introduce another matrix
^











































































































































































































indicating the number of non-zero diagonals, outside the main one, of the matrices

Q and Q are related with the polynomial orders of the corresponding string two-matrix model potentials,
whereas the constant g in (75) denotes the coupling parameter between the two random matrices.
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evolution equations for the p
2


























































































































Now, we observe that the system of Darboux-Backlund equations for SL(3; 1) KP-KdV
























constrained Toda lattice evolution equations (83){(84). Also, the higher
Toda lattice evolution parameters can be identied with the following subset of evolution
parameters of the SL(p
2
















r = 1; : : : ; p
1
(88)
















in (70) using (83){(86), we






















6. Discussion and Outlook
6.1 Partition Function of the Two-Matrix String Model
The partition function Z
N
of the two-matrix string model is simply expressed in terms
of the

Q matrix element b
1
(N   1) at the Toda lattice site N   1, where N indicates the size







(N   1) (cf. [4, 11]). Thus, using
(65) and (57) together with (88), and accounting for the relations (80){(81), we obtain the



























































































and the -coeÆcients are dened in (81). The \density" function c() in (91)






















(cf. (71),(87),(80)), with the expression for b
0




























































































Obviously, the most important question now is to study the physical double-scaling limit
[3] of (90), which amounts to a special ne-tuned limit N ! 1. The latter presumably














; : : : ;  
n
g be a basis of solutions of the n-th order equation L = 0, where L =
(D + v
n
) (D + v
n 1




denotes the Wronskian determinant of f 
1
; : : : ;  
k
g














This allows to show that the space of dierential operators is parametrized by the Grass-











and determine the kernel of L
n
given by n-dimensional subspace
of some Hilbert space of functions H, spanned, let say, by f 
1
; : : : ;  
n
g. This establishes the
connection one way. On the other hand let f 
1
; : : : ;  
n
g be a basis of one point 
 of Gr
(n)

















+   + u
n
= (D + v
n
) (D + v
n 1
)    (D + v
1
) (94)
given by a Miura correspondence to a given point of the Grassmannian.
Recall now correspondence (equivalence) between N -generalized two-boson KP and 2N -




























= 0 ; i  j  N (95)
The above relations generalize the relations encountered in the study of ags manifolds and
clearly deserve more investigations.
Let us now comment on connection to n-soliton solution for the KP hierarchy. Assume
that the above functions  
i















), in other words  
i
are eigenfunctions of L
(0)








is dened in terms of f 
1
; : : : ;  
n
g as in (93) and (94). It is known that such a





; L] [1, 20].
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Using (21) we can rewrite the above Lax operator as a result of successive DB transfor-
























are given in terms of Wronskians as in (22). It follows that L can be cast in a
form of the Lax operator belonging to the n-generalized two-boson KP hierarchy having
the form as in (1) with r = 1; N = n. Using the formalism developed in this paper one







; : : : ;  
n
] reproducing n-soliton solution to the KP equation derived in [21]. In




















allows to rewrite 
n
in the conventional
form of the n-soliton solution to the KP equation [22].
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